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Abstract. In this paper, we present a constructive proof of
approximation by superposition of sigmoidal functions. We
point out a sufficient condition that the set of finite linear

combinations of the form Eajc(yj-x+9j) is dense in C(]In), is

the boundedness of the sigmoidal function 6(x). Moreover,
we show that if the set of finite linear combinations of the

form chu)(&jxﬂ!j), where ® is a univariate function, is dense
in Lp[a,b] (1<p<eo) (or C[a,b]) for any finite a,b, then the set
of finite linear combinations of the form ch(o(yj-x+9j) is

dense in LP(]I“) (or C(][n ) ). An extension in another direction
is also presented in Theorem 4 of this paper.

Key words. Constructive approximation, Neural networks,
Sigmoidal functions.

1. Introduction

Recently, Cybenko[1] stated that if o(x) is a scalar
continuous sigmoidal function, then the set of linear
combinations of the form

N
D .0(y,x+0)) (1)
=

where x, y;€ R", x-y, is their inner product, and o, 8.€R,
is dense in the space of all continuous functions on the

hypercube I", denoted by CI™). Similar problems were
also considered in [41,[5],[6] and [7].

This result, not only settles an long-standing

problem on the realizability of fe CI™) by single hidden
layer feedforward artificial neural networks, but
mathematically is a suitable practical substitution of the
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well-known Kolmogorov's resolution to Hilbert's 13th
Problem. In his work[2], Kolmogorov showed that any
continuous function of n variables has an exact
representation in terms of finite superpositions and
compositions of a finite number of univariate functions. In
f1], it is shown that any continuous functions on the
compact set [0,1] can be approximated in terms of finite
superpositions of a single sigmoidal univariate function as
closely as desired.

Due to its theoretical value and its variety of
applications in neural networks and other fields, it is
important to give a constructive proof of this problem,
which is not available at the present time. In this paper, we
will provide such a constructive proof. Furthermore, we
will show that the continuity assumption imposed on the
sigmoidal functions, which was, in fact, strictly required in
[1], is unnecessary. Instead, the boundedness of the
sigmoidal function plays an essential role. In some sense,
the boundedness of the sigmoidal function is necessary and
sufficient for the validity of the approximation theorem. We
will also give various generalizations and extensions of our
result.

Definition. o: R—R is called a sigmoidal
function, if the limits lim ¢(x), lim o(x) exist, and
X0 X300

limo(x)=1, lim o(x)=0.
X—00 X——oo

Note: o need not be continuous.

1
Example. o(x)= Trexp(x)
is a sigmoidal function, also
1 x>0
o(x) = { 0 x<0

is a sigmoidal function.
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2. Main Results

Theorem 1. If 6(x) is a bounded sigmoidal
function, and f(x) is a continuous function on (—co,0), for
which lim f(x)=A and lim f(x)=B, where A, B are constants,

X—y—oo X-~y00

then for any >0, there exist N, ¢;, y;, 0;, such that

N
| ) =Y cio(yix+0y | < @

i=1
holds for all x& (—co,0).

In other words, the set of finite linear combinations
N

of the form 2 cio(yijx+0;) is dense in the space of
i=1

continuous functions satisfying the condition that the limits

lim f(x) and lim f(x) exist.

X——oo X—yoo

Proof. The proof is constructive. From the
assumption, for any €50, we can find M>0, such that |f(x)-
AlZ if x<-M; [f(x)-BI<y if x>M; and F&)-F "<z

. t \] ” 1
if [x'[€M, x"]£M, and |x'—x 'Sﬁ'

Divide [-M,M] into oM? equal segments, each has
length of -1—, and let

“M=xp<x1<... <x =0<x _ <.<x =M (3)
M2 M2+ M2

1 .
Let ti_f(xi+xi+ 1) be the center of the interval
XX
Now, construct
N
g0 = FCM) + Y [ )-F(x, NI o®x—+, ) (4)
i=1

where N = 2M?2,

From the assumption, there exists W>0, such that
if u>W then |G(u)—1|<—h%—, if u< =W then |c(u)|<#_ Let

1
K>0 such that K'EWW'

We claim: If(x)—-g(x)l<e holds for all x€ (—oo,0).

@) If x<=M, then |f(x)-f(—M)|<§,
M
Igx)>-f(-M)i < zlf ED-fxi-DHo(K -t )
i=1
PV

€ 1 _
< 4M2—

i=1

(5)

||

Consequently If(x)—g(x)l<e.
(i) If x>M, then |f(x)—f(M)l<§,

M
Igx)-FfM)I < Zlf(Xi)—f(Xi-l)l lo(K(x~ti-1))-1I
i=1
e
1

v ©

D0

i=1
Consequently If(x)-g(x)l<e.

1 .
M if

if i<k, then

@iii) Consider xe [xk.1,Xk], then Ix—t; ;1 <
. 1 ...
i=k; Ix—t; 41> 5 if izk.
1 ip s
K(x—tj-1)>W, and hence lo(K(x—tj.1))-1l< Ve if i>k,

Furthermore,

then K(x—t;.1)<~W, and hence I6(K(x—t; 1))l < ﬁli .

Consequently, we have
1 g(x) —F(-M) — [f (xi)—f (x-1)] (K (x—tc_1)) —
k-1
N [Fx-fxin)] |
i=1
%-1
< I G)-F X DHE (x—ty_)-11

i=1

al
+ P IFCD~F(xi Do (K (x—t; 1))

i=k+1



k1 M
£ 1 e 1
S Y-S+ ) ==
24 M? 4 M
i=1 i=k+1
£
<32
It is clear that

L JOMHS GG )] oK (x-ty))
-1
+ ) [F)f(xi.1)]

i=1
=f(xk-1+ FCa)—F (xk-1)] o(K(x—tk-1))

which, combined with the previous inequality, yields

IB)~F ()1 < 2 + 15 ~F (el
+ IR~ (e DI (-t )

< €

I

+

T

+

1]

Here, we have assumed , without loss of generality, |6(x)|<1
for xe (—o0,00).

To complete the proof of the theorem, we need
only to take care of f(—M), or to show in addition that the
constant 1 can be approximated by the linear combinations

Zcic(yix+ei).

Let N,M,x;,t;,K be the same constants as before,
then it is easy to verify that

N
N DO (x-ti. )oK (x—t;.1)] ™

i=1

is the required sum. The proof is just a repetition of the
previous procedure, and the details are omitted.

Q.E.D.

Corollary. If f(x) is a continuous function on
some finite interval [a,b], and 6(x) is a bounded sigmoidal
function, then for any >0, there exist N, ¢;, y;, 0;, such
that
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N
|7 =) cio(yix+63) | <e @®)

=1

holds for all xe[a,b]. In other words, the set of finite linecar
N

combinations of the form ZCiG(yix+9i) is dense in C[a,b].
i=1

Furthermore, in this case, we can choose all y;>0. This is

because the constant function on [a,b] can be approximated

N
by Zcic(yix+9i) with all y; positive.
1=

Theorem 2. If f(x) is a continuous function on
M=[0,1]1", o(u) is a bounded sigmoidal function. Then for
any £>0, there exist N,c;,0;€ R, yje R™, such that for any
xe?

N
| £ - cio(yix+63) | <e ©)

i=1

where x-y is the inner product of x and y. In other words,
the set of finite linear combinations of the form

N
Zcic(yi-xwi) is dense in C[0,1]™.
pary

Proof. Extend f(x) to be a function g(x) on
JM=[-1,1]" according to the following rule: g(x)=f(x) if
xe ™, and g(X1,...s—Xk»--sXn)=g(X1,..-,Xk»..-»Xp). Thus

g(x) can be thought of as a 2-periodic even function with
respect to every variable x;, i=1,...,n.

Let ¢m,,...m, be the Fourier coefficients of

g(X1,....xn) on J®. By a well known result on Bochner-
Riesz Means ([3], page 256): for any £>0, there exists R,
such that for any x=(x1,...,Xp)e J",

2 : o\ &
| (1—% Cm; m nexp(i n(m1x1+...+mnxn))—
£
g(xl,...,xn)l <3 . (10)

- _ 2 2 n-1
where m=(mj,...,mp), ml2 = mi+...4+mg, and o > > -

By the definition of the Fourier coefficients and the
evenness of g(x), we can rewrite the previous inequality as
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£
| 2 dm; m, cos(mixj+...+myxy) — gx1Xn)| < 5
iR

(1n

It is obvious that for any xe I, there is a unique

n n
ue [-Y, Im;l, Y, Im;l] such that
=t

p
U=m-x=miXx+...+MpXpy

Because cos(u) is a continuous function on

=Y, Imjl, Zi iml], by the Corollary of Theorem 1, we can
i=

i=1

find N™, s™, }:;.'J?‘, n'}', such that
N
m_..m_ . _m_ £
|.lesjc(?=j wnP)=cos(w) | < 5

n n
holds uniformly for ue [-), Imjl, 3 Im;l], where
i1 =1

N]'ll
IFZSTG(E,.?m 'x+n'}’)—cos(m-x) < i (12)

holds for xeIn,

Substituting (12) into the inequality (11), we
conclude that there exist N,¢i,8;€ R, yie R", such that

N

| £) - D cio(yix+0p | <e (13)

=1
is true for all xe I™,

Q.E.D.

Remark 1. It is clear in the proofs of Theorems
1 and 2 that the continuity of o(x) is unnecessary for the

validity of the the Theorems. The boundedness of o(x) is
sufficient for Theorems 1 and 2 to be true.

Remark 2. It can be shown that if ¢(x) is a
measurable but unbounded sigmoidal function, then

zcic(yrxﬂ-)i) may not necessarily be dense in CI™). In
fact, we can define

%+ 1 x>0
o(x) = 0 x=0 (14)
1
- x<0
x

which is clearly a sigmoidal function. But the set
Ecio(yix+0i) is not dense in C[0,1]. Therefore, we

conclude that the boundedness of o(x) is an essential
assumption for the validity of Theorem 2.

Remark 3. If o(x) is a monotone sigmoidal
function, then it is clear that 0<o(x)<1. As a consequence
of Theorem 2, we have that if 6(x) is a monotone sigmoidal

function, then the finite linear combinations Zcic(yi~x+ei)
are dense in C(I™).

Since C(]In) is dense in all Lp(In) (1<p<eo), we
have

Theorem 3. If o(x) is a bounded sigmoidal
function, then the set of finite linear combinations
N

ZCio(yi-x+6i) is dense in LP(]In) (1<p=e0). (See [1]).
i=1

For unbounded sigmoidal functions, we can prove

Theorem 3'. If a sigmoidal function
o(x)e Lp[a,b] (1<p=e0) for every pair of a,be R, a<b, then
N

the set of finite linear combinations ZCic(yi-x+ei) is

i=1

dense in Lp(]In ).

In fact, what we need to prove is that, under the
assumption of Theorem 3°, the Corollary of Theorem 1 is

true in Lp[a,b], instead of in C[a,b]. The details are omitted.

Remark 4. If w(x) is a measurable function and

o(x)e Lp[a,b] (1<p<e0), for every a,be R, a<b, and the set of



finite linear combinations Zcia)(éixﬂli) is dense in any
L"[a,b], then the set of finite linear combinations
ZCim(yi-xwi) is dense in LP(]["). (Note a special case of
this is when w(x)e C[a,b].) This is a mild condition
satisfied by many w(x). Among those are many functions
that frequently occur in approximation theory, such as the
well known Schoenberg Cardinal Splines, B-Splines and
many others, including those functions satisfying Wiener-
Tauberian conditions. For proof, we can follow the same
line developed in the proof of Theorem 2, approximating
exp(i (m]x1+--+mpXy)) by the finite linear combinations
2ij(lj(m1x1+--~+mnxn)+9j) and using Fourier series

development.
We now give another kind of generalization.

First, we will call [—eo,00] the extended real line,
with (—e0,A) as the neighborhood of the point —oo, and
(A +00) the neighborhood of +eo. Thus [—co,e0] is a compact

space, and [—<>o,<>o]n , being the product of compact spaces, is
also compact.

Similar as before, we denote C[—oo,oo]n the set of
continuous functions on the compact set [-oo,oo]n.

With this notation, we can state Theorem 1 as “ the
set of finite linear combinations ZCic(yix+6i) is dense in
C[_°°1°°] ”-

Theorem 4. If o(x) is a bounded sigmoidal
function, then the set of finite linear combinations

Z ...... Z cil""'in G(yilxl+91)...0'(yinxn+9n)
lll=

. . n
is dense in C[—oo,00] .

Proof. Without loss of generality, we assume
n=2. Let f(x,y)e C[—oo,oo]z, then f(x,y), fixing vy, is
uniformly continuous on the compact set [—eo,o0]. By
Theorem 1: for any £>0, there exist N1,K1 such that
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N I f(X,Y) - .f(—M»Y)
1
=Y -yl st <5 (5)

i=l
holds for all (x,y)e [—oo,o0]".

Wl'i[il’lg Ci(Y)=f(Xi,Y)—f(Xi-1 ,Y)» i=1’--"N1 ’
Co(y)=f(~M,y). Repeating the argument as in the proof of
Theorem 1, there holds

Ny
ICi(y)—ZciJo(éjy+nj))l<-2;—l (=0,1..N;)  (16)

i=1
hence

NI Ny

FOEDY Z ¢;;0(0;y+8) oGy+n) l<e  (7)
J=

i=1
Q.ED.

Corollary 1. If o(x) is a bounded sigmoidal
function, then the set of finite linear combinations

Ni Ny
...... 2 cil""'in c(yi1x1+91)...0(y. x,+0.)
i=1 =

is dense in C[O,l]n.

Remark 5. Besides sigmoidal functions, for
many systems, there holds similar theorem: If w;i(x),

i=0,+1,..., is a system of functions, and if Zcimi(x) are
dense in C[0,1], then Zcil,_ i (oil(xl)'"o)%(xn) are dense

in C[O,l]n, if only w;(x) satisfies very general conditions.

For example, {exp(iknx)}km is such a system. In this

case ®; (x7)-; (x,)= (i) x{+"+ipXy). This is just
1 n ‘
im.x .
the reason why we used e as the medium in the proof

m.X
of Theorem 2. Of course we can also use € as the
medium instead.
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