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1 IntroductionThere have been many papers related to approximation to a continuous functionof several variables. In 1987, Wieland and Leighton [1] dealt with the capabilityof networks consisting of one or two hidden layers. Miyake and Irie [2] obtainedan integral representation formula with an integral kernel �xed beforehand. Thisrepresentation formula is a kind of integrals, which could be realized by a three-layered neural network. In 1989, several papers related to this topic appeared. Theyall claimed that a three-layered neural network with sigmoid units on the hiddenlayer can approximate continuous or other kinds of functions de�ned on compactset in Rn. They used di�erent methods. Carrol and Dickinson [4] used inverseRadon transform. Cybenko [3] used Hahn-Banach theorem and Riesz representationtheorem. Funahashi [5] approximated Irie and Miyake's integral representation bya �nite sum, using a kernel which can be expressed as a di�erence of two sigmoidalfunctions. Hornik et al. [6] applied Stone-Weierstrass theorem, using trigonometricfunctions.However, in all these papers, sigmoidal functions must be assumed to be continu-ous or monotone. Recently [9], we pointed out that the boundedness of the sigmoidalfunction plays an essential role for its being an activation function in the hidden layer.In addition to sigmoidal functions, many other functions can be used as activationfunctions in the hidden layer. For example, Hornik [6] proved that any bounded non-constant continuous function is quali�ed to be an activation function. Mhaskar andMicchelli [11] showed that under some restriction on the amplitude of a continuous2



function near in�nity, any non-polynomial function is quali�ed to be an activationfunction.It is clear that all the aforementioned works are concerned with approximation toa continuous function de�ned on a compact set in Rn (a space of �nite dimensions).However, in engineering problems such as computing the output of dynamic systemsor designing neural system identi�ers, we often encounter the problem of approximat-ing nonlinear functionals de�ned on some function space, even nonlinear operatorsfrom one function space (a space of in�nite dimensions) to another function space(another space of in�nite dimensions). In [10], Sandberg gave an interesting theoremon approximating nonlinear functionals by superposition and composition of severallinear functionals and a continuous function of one variable. Yet, two problems remainopen: 1. Can we give those linear functionals explicitly? 2. Can we approximatenonlinear operators rather than functionals? Problem 1 is essential in application,since otherwise we are not able to construct real networks. Problem 2 is importantin computing dynamic systems, for a dynamic system is in fact an operator. In [12],we discussed in detail the problem of approximating nonlinear functionals de�ned onsome compact set in C[a; b] or Lp[a; b] and obtained some explicit results. However,the problem of neural network's capability in approximating nonlinear operators withits related application in computing the output as a whole of a dynamic system stillremains open. Moreover, a uni�ed and systematic treatment of neural network ap-proximation to continuous functions, functionals and operators is much needed butnevertheless also remains to be an open problem.3



Speci�cally, it is quite natural to raise the following issues: (1) What is the char-acteristic property for a continuous function in the hidden layer of a neural network?(2) To give a neural network model to approximate nonlinear functionals de�ned onsome compact set in C(K), where K is some compact set in some Banach space. (3)To give a neural network model, which can be used to approximate the output ofsome dynamic system as a whole (not merely at a special point, cf. [10][12]), thus toidentify the dynamic system.In this paper, we systematically give strong results for these issues.The paper is organized as follows. In section 2, we review some de�nitions andnotations. In section 3, we show that the necessary and su�cient condition for acontinuous function in S 0(R1) (tempered distributions in R1) to be a Tauber-Wienerfunction (for de�nitions, see section 2) is that it is not a polynomial; and any Tauber-Wiener function can be used as an activation function, i.e., any non-polynomial con-tinuous function in S 0(R1) is an activation function. What is more interesting isthat we show the approximation is equiuniform on any compact set in C(K), whichis crucial in discussing approximation to continuous operators by neural networks.In section 4, we show the capability of neural networks to approximate continuousfunctionals de�ned on some compact set in C(K), where K is a compact set in someBanach space; and through which we establish the capability of neural networks toapproximate continuous operators from C(K1) to C(K2). The main results in section4 has a direct application to computing output of dynamic systems thus identifyingthe systems, which is discussed in section 5.4



2 Notations and De�nitionsDe�nition 1. A function � : R1 ! R1 is called a sigmoidal function, if itsatis�es ( limx!�1 �(x) = 0 ;limx!1 �(x) = 1 :De�nition 2. If a function g : R! R (continuous or discontinuous) satis�esthat all the linear combinations PNi=1 cig(�ix + �i), �i 2 R, �i 2 R, ci 2 R, i =1; 2; : : : ; N , are dense in every C[a; b], then g is called a Tauber-Wiener function, orsimply (TW) function.De�nition 3. Suppose that X is a Banach space, V � X is called a compactset in X, if for every sequence fxng1n=1 with all xn 2 V , there is a subsequence fxnkg,which converges to some element x 2 V .It is well known that if V � X is a compact set in X, then for any � > 0, there isa �-net N(�) = fx1; : : : ; xn(�)g, with all xi 2 V , i = 1; : : : ; n(�), i.e. for every x 2 X,there is some xi 2 N(�) such that kxi � xkX < �.In the sequel, we will often use the following notations.X: some Banach space with norm k � kX.Rn: Euclidean space of dimension n.K: some compact set in a Banach space.C(K): Banach space of all continuous functions de�ned onK, with norm kfkC(K) =5



maxx2K jf(x)j.(TW): All the Tauber-Wiener functions.S(Rn): Schwartz functions in tempted distribution theory, i.e. rapidly decreasingand in�nitely di�erentiable functions.S0(Rn): Tempered distributions, i.e. linear continuous functionals de�ned onS(Rn).C1(Rn): In�nitely di�erentiable functions.C1c (Rn): In�nitely di�erentiable functions with compact support in Rn.Cp[�1; 1]n: All 2-periodic functions with period 2 with respect to every variablexi, i = 1; : : : ; n.3 Characteristics of Activation FunctionsIn this Section, we prove three theorems.Theorem 1 Suppose that g is a continuous function, and g 2 S 0(R1), then g 2(TW ), if and only if g is not a polynomial.Theorem 2 If � is a bounded sigmoidal function, then � 2 (TW ).Theorem 3 Suppose that K is a compact set in Rn, U is a compact set in C(K),g 2 (TW ), then for any � > 0, there exist a positive integer N , real numbers �i,6



vectors !i 2 Rn, i = 1; : : : ; N , which are independent of f 2 C(K) and constantsci(f), i = 1; : : : ; N depending on f , such thatjf(x)� NXi=1 ci(f)g(!i � x+ �i)j < � (1)holds for all x 2 K and f 2 U . Moreover, each ci(f) is a linear continuous functionalde�ned on U .Remark 1. Theorem 3 shows that for a function (continuous or discontinuous)to be quali�ed as an activation function, a su�cient condition is that it belongsto (TW ) class. Therefore, in order to prove that a neural network is capable ofapproximating any continuous function of n variables, all we need to do is to dealwith the case n = 1, thus we have reduced the complexity of the problem in terms of itsdimensionality. Moreover, by examining the approximated function f(x1; : : : ; xn) =f(x1; 0; : : : ; 0) = f�(x1), where f�(x1) is a continuous function of one variable, it isstraightforward to see that the condition is also a necessary one.Remark 2. The equiuniform convergence property in Theorem 3 will play acrucial role in approximating nonlinear operators by neural networks.Remark 3. When a sigmoidal function is used as an activation in a neu-ral network, Theorem 2 shows that the only necessary condition imposed on is itsboundedness. In contrast, in almost all other papers ([1], [2], [3], [4], [5], [6], [7], [8]),sigmoidal functions must be assumed to be either continuous or monotone.Remark 4. In [11], some result similar to Theorem 1 was obtained under morerestrictions imposed on g, i.e., there are positive integer N and a constant CN , such7



that j(1 + jxj)�Ng(x)j � C for all x 2 R1. This restriction is essential for [11], forthe proof in [11] depends heavily on a variation of Paley-Wiener Theorem. However,in Theorem 1, we only assume that g 2 C(R1) \ S 0(Rn), which is weaker than theassumptions used in [11].Proof of Theorem 1. We will prove by contradiction. If all the linear combina-tions Pni=1 cig(�ix+�i) are not dense in C[a; b], then Hahn-Banach extension theoremand Riesz representation of linear continuous functionals show that there is a signedBorel measure d� with supp(d�) � [a; b] andZR1 g(�x+ �) d�(x) = 0 (2)for all � 6= 0 and � 2 R1. Take any w 2 S(R1), thenZR1 w(�) d� ZR1 g(�x + �) d�(x) = 0: (3)Let �x + � = u and change order of integration, we haveZR1 g(u) ZR1 w(�) d�(u � �� ) = 0 (4)which is equivalent to ĝ(ŵ(�)d̂�(��)) = 0 (5)where ĝ represents Fourier transform of g in the sense of tempered distribution, and(5) is also understood in the sense of distribution (see [13]). In order that the lefthand side of (5) makes sense, we have to show that ŵ(t)cd�(�t) 2 S(R1). Sincesupp(d�) � [a; b], it is straightforward to show that cd�(t) 2 C1(R1) and for eachk = 1; 2; : : :, there is a constant ck such thatj @k@tk cd�(t)j � ck : (6)8



Consequently, ŵ(t)cd�(t) 2 S(R1).Since d� 6� 0 and cd�(t) 2 C1(R1), hence there exists some t0 6= 0 with someneighborhood (t0��; t0+�) such that cd�(t) 6= 0 for all t 2 (t0��; t0+�). Now, if t1 6= 0,let � = t0t1 , then cd�(�t) 6= 0 for all t 2 (t1� �� ; t1+ ��). Take any ŵ 2 C1c (t0� �2� ; t0+ �2�),then ŵ(t)=cd�(�t) 2 S(R1), and by (5)ĝ(ŵ(�)) = ĝ( ŵ(�)cd�(��)cd�(��)) = 0 (7)Previous argument shows that for any �xed point t�, there is a neighborhood[t���; t�+�] such that ĝ(ŵ(�)) = 0 for all ŵ with compact support [t���; t�+�], i.e.supp(ĝ) � f0g. By the distribution theory, ĝ is some linear combination of �-Diracfunction and its derivatives, which is equivalent to that g is a polynomial. Theorem1 is proved.Proof of Theorem 2 can be found in [9]. Here we only give a brief proof for thecompleteness of this paper.Proof of Theorem 2. Without loss of generality, we can assume that [a; b] = [0; 1].Since f is continuous on [�1; 1] for any � > 0, there is an integer M > 0, such thatjf(x0)� f(x00)j < �=4, provided that x0; x00 2 [�1; 1] and jx0 � x00j < 1=M .Divide [�1; 1] into 2M equal segments, each has length of 1=M . Let� 1 = x0 < x1 < : : : < xM = 0 < xM+1 < : : : < x2M = 1 (8)and ti = 12(xi + xi+1), t�1 = �1 � 12M . From the assumption, there exists W > 0,such that if u > W , then j�(u)� 1j < 1M2 ; if u < �W , then j�(u)j < 1M2 . Let K > 09



be such that K � 12M > W . Constructg(x) = f(�M)�(K(x� t�1)) + NXi=1[f(xi) � f(xi�1)]�(K(x� ti�1)) (9)then we can prove jg(x)� f(x)j < � for all x 2 [�1; 1] (10)Theorem 2 is thus proved.Prior to proving Theorem 3, we need to establish the following lemmas.Lemma 1 Suppose that K is a compact set in Rn, f 2 C(K), then there is acontinuous function E(f) 2 C(Rn), such that (1) f(x) = E(f)(x) for all x 2 K; (2)supx2Rn jE(f)(x)j � supx2K jf(x)j; (3) there is a constant c such thatsupjx0�x00j<� jE(f)(x0)� E(f)(x00)j � c supx0�x00<�x0;x002K jf(x0)� f(x00)j (11)Proof. The proof of Lemma 1 can be found in [14] (p. 175).Lemma 2 [15] V is a compact set in C(K), if and only if1. V is a closed set in C(K).2. There is a constant M , such that kf(x)kC(K) �M for all f 2 V .3. V is equicontinuous, i.e. for any � > 0, there is a � > 0 such that jf(x0) �f(x00)j < � for all f 2 V , provided that x0, x00 2 K and kx0 � x00kK < �.10



Lemma 3 Suppose that K is a compact set in In = [0; 1]n, V is a compact set inC(K), then V can be extended to a compact set in Cp[�1; 1]n.Proof. By Lemmas 1 and 2, V can be extended to be a compact set V1 in C[0; 1]n.Now, for every f 2 V1, de�ne an even extension of f as followsf�(x1; : : : ; xk; : : : ; xn) = f(x1; : : : ;�xk; : : : ; xn) (12)then U = ff� : f 2 V1g is the required compact set in Cp[�1; 1]n.Lemma 4 Suppose that U is a compact set in Cp[�1; 1],BR(f ;x) = Xjmj�R(1 � jmj2R2 )�cm(f)ei�m�x (13)is the Bochner-Riesz means of Fourier series of f , where m = (m1; : : : ;mn), jmj2 =Pni=1 jmij2, cm(f) are Fourier coe�cients of f , then for any � > 0, there is R > 0such that jBR(f ;x)� f(x)j < � (14)for every f 2 U and x 2 [�1; 1]n, provided that � > (n� 1)=2.Proof. The proof of Lemma 4 can be found in [13].Proof of Theorem 3. Without loss of generality, we can assume that K � [0; 1]n.By Lemma 3, we can assume that K = [�1; 1]n and U � Cp[�1; 1]n. By Lemma 4,for any � > 0, there exists R > 0, such that for any x = (x1; : : : ; xn) 2 [�1; 1]n andf 2 U , there holdsj Xjmj�R(1� jmj2R2 )�cm1���mn(f�)exp(i�(m1x1+ � � �+mnxn))� f�(x1; : : : ; xn)j < �2 (15)11



By the de�nition of the Fourier coe�cients and evenness of f�(x), we can rewrite (15)as j Xjmj�R dm1���mn cos(�(m1x1 + � � �+mnxn)� f�(x1; : : : ; xn)j < �2 (16)where dm1���mn are real numbers. It is obvious that for every x 2 [�1; 1]n, there is aunique u 2 [�pn�R;pn�R], such thatu = �m � x = �(m1x1 + : : :+mnxn) : (17)where m = (m1; : : : ;mn). Since cos(u) is a continuous function in [�pn�R;pn�R]and g 2 (TW ), we can �nd an integer M , real numbers sj, �j and �j , j = 1; : : : ;M ,such that j MXj=1 sjg(�ju+ �j) � cos(u)j < �2L (18)holds uniformly for all u 2 [�pn�R;pn�R], where L = Pjmj�R jdm1;:::;mn j. Thusj MXj=1 sjg(�j�(m � x) + �j)� cos(�m � x)j < �2L (19)holds for x 2 [�1; 1]n. Substituting (19) into (16), we conclude that there exist N ,ci, �i 2 R, !i 2 Rn, i = 1; : : : ; N , such thatjf�(x)� NXi=1 ci(f�)f�(!i � x+ �i)j < � (20)is true for all x 2 [�1; 1]n and g 2 U . Thusjf(x)� NXi=1 ci(f)g(!i � x+ �i)j < �is true for all x 2 [0; 1]n and f 2 V . 12



It is obvious that for each �xed m = (m1; : : : ;mn), the Fourier coe�cientZ 1�1 � � � Z 1�1 e�i�(m1x1+���+mnxn)g(x1; : : : ; xn) dx1 � � � dxnis a continuous functional de�ned on U (and also a continuous functional de�ned onV ), and ci(f), being a �nite linear combination of the Fourier coe�cients of f�, issurely a continuous functional de�ned on V . The proof of Theorem 3 is completed.4 Approximation to Nonlinear ContinuousFunctionals and MapsIn this section, we will discuss the problem of approximating nonlinear continuousfunctionals and operators by neural network computation. The main results are asfollows.Theorem 4 Suppose that g 2 (TW ), X is a Banach Space, K � X is a compactset, V is a compact set in C(K), f is a continuous functional de�ned on V , thenfor any � > 0, there are an positive integer N , m points x1; : : : ; xm 2 K, and realconstants ci, �i, �ij, i = 1; : : : ; N , j = 1; : : : ;m, such thatjf(u)� NXi=1 cig( mXj=1 �iju(xj) + �i)j < � (21)holds for all u 2 V .Theorem 5 Suppose that g 2 (TW ), X is a Banach Space, K1 � X, K2 � Rnare two compact sets in X and Rn respectively, V is a compact set in C(K1), G is a13



nonlinear continuous operator, which maps V into C(K2), then for any � > 0, thereare positive integers M , N , m, constants cki , �k, �kij 2 R, points !k 2 Rn, xj 2 K1,i = 1; : : : ;M , k = 1; : : : ; N , j = 1; : : : ;m, such thatjG(u)(y)� NXk=1 MXi=1 cki g( mXj=1 �kiju(xj) + �ki )g(!k � y + �k)j < � (22)holds for all u 2 V and y 2 K2.Following lemmas are well known and will be used in the proof of Theorems 4 and5.Lemma 5 Let X be a Banach Space and K � X, then K is a compact set if andonly if the following two conditions are satis�ed simultaneously: (1) K is a closed setin X; (2) for any � > 0, there is a �-net N(�) = fx1; : : : ; xn(�)g, i.e. for any x 2 K,there constitute an xk 2 N(�) such that kx� xkkX < �.Lemma 6 If V � C(K) is a compact set in C(K), then it is uniformly boundedand equicontinuous, i.e. (1) There is A > 0 such that ku(x)kC(K) � A for all u 2 Vand (2) for any � > 0, there is � > 0 such that ju(x0) � u(x00)j < � for all u 2 V ,provided that kx0 � x00kX < �.Now pick a sequence �1 > �2 > � � � > �n ! 0, then we can �nd another sequence�1 > �2 > � � � > �n ! 0, such that jf(u) � f(v)j < �k for all f 2 V , provided thatu; v 2 V and ku�vkC(K) < 2�k, for f is a continuous functional de�ned on a compactset V . 14



By Lemma 6, we can also �nd �1 > �2 > � � � �n ! 0 such that ju(x0)�u(x00)j < �kfor all u 2 V , whenever x0; x00 2 K and kx0 � x00kK < �k.By induction and rearrangement, we can �nd a sequence fxig1i=1 with each xi 2 Kand a sequence of positive integers n(�1) < n(�2) < : : : < n(�k) !1, such that the�rst n(�k) elements N(�k) = fx1; : : : ; xn(�k)g is an �k-net in K.For each �k-net, de�ne functionsT ��k;j(x) = ( 1 � kx�xjkk�k if kx� xjkX � �k0 otherwise (23)and T�k ;j(x) = T ��k;j(x)Pn(�k)j=1 T ��k;j(x) (24)for j = 1; : : : ; n(�k). It is easy to verify that fT�k;j(x)g is a partition of unity, i.e.0 � T�k ;j(x) � 1 (25)n(�k)Xj=1 T�k;j(x) � 1 (26)T�k;j(x) = 0 if kx� xjkX > �k : (27)For each u 2 V , de�ne a functionu�k(x) = n(�k)Xj=1 u(xj)T�k ;j(x) (28)and sets V�k = fu�k : u 2 V g and V � = V [ ([1k=1V�k). We then have the followingresult.Lemma 7 15



1. For each �xed k, V�k is a compact set in a subspace of dimension n(�k) in C(K).2. For every u 2 V , there holds ku� u�kkC(K) < �k (29)3. V � is a compact set in C(K).Proof. We will prove the three propositions individually as follows.1. For a �xed k, let u(i)�k , i = 1; 2; : : : ; be a sequence in V�k and u(i) be a sequencein V , such that u(i)�k = n(�k)Xj=1 u(i)(xj)T�k;j(x) : (30)Since V is a compact set, there is a subsequence u(il)(x), which converges tosome u 2 V , then it is obvious that u(il)�k (x) converges to u�k(x) 2 V�k , i.e. V�kis a compact subset in C(K).2. By the de�nition and the property of unity partition, we haveu(x)� u�k(x) = n(�k)Xj=1 [u(x)� u(xj)]T�k;j(x)= Xkx�xjkX��k[u(x)� u(xj)]T�k;j(x) : (31)Consequently,ku(x)� u�k(x)kX � �k n(�k)Xj=1 T�k;j(x) = �k for all u 2 V : (32)3. Suppose fuig1j=1 is a sequence in V �. If there is a subsequence fuilg1l=1 offuig1j=1 with all uil 2 V , l = 1; : : : ; then by the fact that V is compact, there is16



a subsequence of fuilg1l=1, which converges to some u 2 V . Otherwise, to eachui, there corresponds a positive integer k(i) such that ui = v�k(i). There are twopossibilities: (i) We can �nd in�nite il and a �xed k0 such that �k(i1) = �k(i2) =� � � = �k(il) = � � � = �k0 , i.e. uil 2 V�k0 for all il. By proposition 1. of this lemma,Vn(�k0 ) is a compact set, there is a subsequence of fvin(�k(i))g, which converges tosome v 2 Vn(�k0 ), i.e. there is a subsequence of fuig converging to v 2 Vn(�k0 ).(ii) There are sequences i1 < i2 < : : :! 1 and k(i1) < k(i2) < : : :!1 suchthat uil 2 Vn(�k(il)). Let vil 2 V be such thatuil(x) = n(�k(il))Xj=1 vil(xj)T�k(il);j (x) : (33)Since V il 2 V and V is compact, we see that there is a subsequence of fvilg1l=1,which converges to some v 2 V . By the proposition 2. of this lemma, the cor-responding subsequence of fuilg1l=1 also converges to v. Thus the compactnessof V � is proved.Proof of Theorem 4. By Tietze Extension Theorem, we can de�ne a continuousfunctional on V � such that f�(x) = f(x) if x 2 V (34)Because f� is a continuous functional de�ned on the compact set V �, therefore forany � > 0, we can �nd a � > 0 such that jf�(u)�f�(v)j < �=2 provided that u; v 2 V �and ku� vkC(K) < �.Let k be �xed such that �k < �, then by (29) for every u 2 V ,ku� u�kkX < �k (35)17



which implies jf�(u)� f�(u�k)j < �=2 (36)for all u 2 V .By proposition 1. of Lemma 7, we see that f�(u�k) is a continuous functionalde�ned on the compact set V�k in Rn(�k). By Theorem 3, we can �nd N , ci, �ij, �i,i = 1; : : : ; N , j = 1; : : : ; n(�k), such thatjf�(u�k)� NXi=1 cig(n(�k)Xj=1 �iju(xj) + �i)j < �=2 : (37)Combining it with (36), we conclude thatjf(u)� NXi=1 cig( mXj=1 �iju(xj) + �i)j < � (38)where m = n(�k). Thus, Theorem 4 is proved.Proof of Theorem 5. From the assumption that G is a continuous operatorwhich maps a compact set V in C(K1) into C(K2), it is straightforward to prove thatthe range G(V ) = fG(u) : u 2 V g is also a compact set in C(K2). By Theorem 3,for any � > 0, there are a positive integer N , real numbers ck(G(u)) and �k, vectors!k 2 Rn, k = 1; : : : ; N , such thatjG(u)(y)� NXk=1 ck(G(u))g(!k � y + �k)j < �=2 (39)holds for all y 2 K2 and u 2 V .Since G is a continuous operator, combining with the last proposition of Theorem3, we conclude that for each k = 1; : : : ; N , ck(G(u)) is a continuous functional de�ned18



on V . Repeatedly applying Theorem 4, for each k = 1; : : : ; N , we can �nd positiveintegers Nk, mk, constants cki , �kij , �ki 2 R and xj 2 K1, i = 1; : : : ; Nk, j = 1; : : : ;mk,such that jck(G(u))� NkXi=1 cki g(mkXj=1 �kiju(xj) + �ki )j < �2L (40)holds for all k = 1; : : : ; N and u 2 V , whereL = NXk=1 supy2K2 jg(!k � y + �k)j : (41)Substituting (40) into (39), we obtain thatjG(u)(y)� NXk=1 NkXi=1 cki g(mkXj=1 �kiju(xj) + �ki )g(!k � y + �k)j < � (42)holds for all u 2 V and y 2 K2.Let M = maxkfNkg, m = maxkfmkg and for all Nk < i �M , let cki = 0. For allmk < j � m, let �kij = 0. Thus (42) can be rewritten asjG(u)(y)� NXk=1 MXi=1 cki g( mXj=1 �kiju(xj) + �ki )g(!k � y + �k)j < � (43)holds for all u 2 V and y 2 K2. This completes the proof of Theorem 5.A graphical representation of Theorem 5 is shown in Fig. 1.5 Application to Nonlinear Dynamical SystemsIn [12], we discussed the problem of approximating the output of a dynamicalsystem at a �xed point (or time) by neural networks. As a direct application ofTheorem 5, we can use neural networks to approximate the output as a whole of a19



nonlinear dynamical system. Indeed, built upon the several keystone theorems provedearlier in Section 4, our result on this topic follows naturally.The signi�cance of the previous results lies in that we can use neural networks toidentify a system (linear or nonlinear). The procedure is as follows:Let a system be V = KU , where U is the input, V is the output and K is thesystem to be identi�ed.Suppose that according to some prior knowledge or experiments, we know sev-eral input-output relationships V1 = KU1; : : : ; Vn = KUn. Generally, they can beexpressed by discrete data sets fus(xj); s = 1; : : : ; n; j = 1; : : : ;mg, fvs(yl); s =1; : : : ; n; j = 1; : : : ; Lg. Using these data, and by Theorem 5, we can construct afunctionalE = LXl=1 nXs=1 jVs(yl)� NXk=1 MXi=1Cki g( mXj=1 �ki;jus(xj) + �ki )g(!k � yl + �k)j2 (44)Parameters Cki , �ki;j, �ki , !k, � can be determined by minimizing E (for example, byusing back-propagation algorithm). Then the equationv(y) = NXk=1 MXi=1Cki g( mXj=1 �ki;ju(xj) + �ki )g(!k � y + �k) (45)can be viewed as an approximant of V (y) = (KU)(y), and so identi�es the systemK. If the system is linear, then E, V (y) can be simpli�ed asE = LXl=1 nXs=1 jVs(yl)� NXk=1 MXi=1 mXj=1 �ki;ju(xj)g(!k � yl + �k)j2 (46)20



v(y) = NXk=1 MXi=1 mXj=1 �ki;ju(xj)g(!k � y + �k): (47)The larger the values of n, L, m are, the better accuracy we will obtain for thisapproximation.Therefore, we have pointed to a way of constructing neural network models foridentifying dynamic systems.Acknowledgements. The authors wish to express their gratefulness to the re-viewers for their valuable comments and suggestions on revising this paper.6 ConclusionIn this paper, the problem of approximating functions of several variables, functionalsand nonlinear operators are thoroughly studied. The necessary and su�cient condi-tion for a continuous function in S 0(R1) to be quali�ed for an activation function isgiven, which is a broad generalization of previous results ([1]- [8], especially [11]). Itis also pointed out that to prove neural network approximation capability, one needsonly to treat the one dimensional case. As applications, we show how to constructneural networks to approximate the output of a dynamical system as a whole, notmerely at a �xed point, thus show the capability of neural network in identifying dy-namic systems. Moreover, we point out that using existing algorithms in literatures(for example, back-propagation algorithm), we can determine those parameters in thenetwork, i.e. identify the system. 21
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Figure 1: A neural network architecture of approximation to nonlinear operatorG(u)(y) 24


